Brouwer's Conjecture states that, for any graph G, the sum of the k largest (combinatorial) Laplacian eigenvalues of G is at most
Introduction
In [5] , the authors state what has come to known as "Brouwer's Conjecture." For a simple undirected graph G on n vertices, let A(G) denote its adjacency matrix, D(G) the diagonal matrix of its degree sequence d 1 ≥ · · · ≥ d n , and L(G) = D(G)−A(G) its (combinatorial) Laplacian matrix. Write {λ i } n i=1 for the multiset of eigenvalues of L(G); we may assume λ 1 ≥ · · · ≥ λ n because L(G) is real symmetric. It is well-known that λ 1 ≤ n and λ n = 0. Brouwer's Conjecture states that, for each k, 1 ≤ k ≤ n,
a claim we henceforth refer to as bc k (G). At first, the inequality (1) may seem somewhat mysterious since, for example, it is highly inhomogeneous and, while the left-hand side is a concave function of k, the right-hand side is convex. Therefore, we discuss here some of the motivation for Brouwer's Conjecture and some of the many partial results known about it.
Write s k for the quantity k i=1 λ i . It is a key observation that s k is the same as the k-th Ky Fan norm L(G) (k) , defined to be the sum of its k largest singular values (see [4] ). We may assume that G is connected by applying the convexity of k+1 2 as a function of k and the fact that the spectrum of L(G 1 ∪ G 2 ) is the multiset union of the spectra of L(G 1 ) and L(G 2 ) when the G i are disjoint. Then bc 1 (G) follows from the fact that s 1 = λ 1 ≤ n, since |E(G)| + 1+1 2 ≥ n for any connected G. Similarly, bc n (G) and bc n−1 (G) hold because s n−1 = s n = tr(L(G)) =
where we are using that λ n = 0. Note that -writing G = (V (G), V (G) 2 \ E(G)) for the complement, J n for the all-ones matrix, and I n for the identity matrix -we have
Since the eigenspace of L(G) corresponding to λ n is the span of the allones vector, which is the sole nonzero eigenspace of J n , this implies that for 1 ≤ k ≤ n − 2,
from which it follows that, if bc k (G) holds, then bc n−k−1 (G) does as well. Let G ′ = G + K 1 denote the join of G and a single new vertex x, i.e.,
, from which it follows that, if bc k−1 (G) holds, then bc k (G ′ ) holds. In particular, the family of all threshold graphs, defined by a number of equivalent characterizations, including: can be obtained by complementation and disjoint union with a K 1 , starting from the empty graph; has the form G = (V, {xy : f (x) + f (y) ≥ B}) where f : V → R is any function and B ∈ R; has no induced C 4 , C 4 , or P 4 subgraph; is both a cograph and a split graph.
That (1) holds for threshold graphs and is tight for this class is perhaps the strongest motivation for Brouwer's Conjecture, since threshold graphs are believed to maximize the quantities s k (G). (Another major motivation for the conjecture comes from the closely related Bai's Theorem, previously known as the Grone-Merris Conjecture; see [2] and [5] .) Note that the above observations also imply that graphs generated by disjoint unions and complements from graphs known to satisfy the conjecture do as well -including, in particular, all cographs.
Other results on Brouwer's Conjecture include that bc k (G) holds for any graph with at most 10 vertices 1 , via an exhaustive computation by Brouwer; bc 2 (G) -and therefore bc n−3 (G) by (2) -always holds (see [8] ); trees/forests by [8] ; regular graphs and split graphs (whose vertex set can be partitioned into a clique and an independent set) by [10]; unicyclic and bicyclic graphs by [7] ; and random graphs asymptotically almost surely, by [13] .
Below, we further restrict the range of possible counterexamples to the conjecture in the following ways. Here and throughout, we use n to denote the number of vertices and m to denote the number of edges when it is clear what graph is referred to.
1. In Section 2, we show that bc k (G) is true for k ≥ 4Υ−1 in graphs with arboricity Υ and it is true for k ≥ 2∆ + 3 in graphs with maximum degree ∆. In particular, bc k (G) holds for k ≥ 11 when G is planar.
Define the maximum subgraph spectral density
is the (adjacency) spectral radius of G and G[S] denotes the subgraph induced by S. In Section 2, we
Since t ≤ 1/2 for bipartite graphs, in that case this implies bc k (G) for k ≥ √ 32n or m ≥ √ 32n 3/2 .
3.
In Section 3, we show that the conjecture is true if the variance of its degree sequence is at most (β(1−β)n) 2 −β/n 2 , where β = 2m/n 2 is the edge density, implying Brouwer's Conjecture when ∆(G) − δ(G) (the difference of maximum and minimum degrees) is at most 2d(n−d)/n−1, where d is the average degree. In particular, this vastly generalizes the aforementioned results for regular and random graphs, since the degree-sequence variance of the former is 0 and the latter (assuming the Erdős-Rényi model G(n, p) with max{p, 1 − p} = ω(n −1 )) has variance ≈ nβ(1 − β) with high probability.
4. The minimum edge-edit distance of a graph G from a split graph is known as its splittance σ(G). In Section 4, we show that bc k (G) holds if k ≤ σ(G)/ √ 2n, so the full conjecture holds if σ(G) ≥ n 3/2 / √ 2. Then we conclude that, in general, s k exceeds m + k+1 2 by at most (2n) 3/4 √ k = O(n 5/4 ), and by at most O(n) for bipartite graphs. Since Mayank ([10]) showed that this excess is at most σ(G), and Hammer-Simeone ( [9] ) showed that σ(G) ≤ (n + 1)(n − 2)/8 and that this is tight, our result is a substantial improvement.
5.
In Section 5, we show that bc k (G) holds for all k outside an interval of length 2 1/4 n 3/4 .
Finally, we present a surprising negative result. It has also been conjectured -and some limited results are known, see [1, 6] -that the bound (1) holds for the signless Laplacian Q(G) = D(G) + A(G) as well. Let G be a signed graph (a graph whose edges have been assigned labels {±1}) and in that case define A(G) to have entries equal to these labels when they are nonzero, and
is the ordinary diagonal degree matrix). These matrices interpolate between Laplacian matrices and signless Laplacian matrices, because the former is obtained from graphs all of whose signs are +1 and the latter from graphs all of whose signs are −1. Nikiforov ( [12] ) suggested investigating the conjecture for signed graphs, and indeed discovered a small (n = 5 and m = 6) example of a signed graph G for which L(G) violates the bound. In Section 6 we show that in fact, asymptotically almost surely, a uniformly random signed complete graph violates the bound by Ω(n).
Preliminaries
Let
We will repeatedly use this fact, as well as the facts that A (k) ≤ √ 2km and A (k) ≤ n( √ k + 1)/2, results that appear in [11] . Let
be the maximum subgraph spectral density of G. Below, we repeatedly make use of the well-known fact that ρ(G) ≥ d(G), the average degree.
Thus, Proposition 1. bc k (G) holds for any graph with m edges and n vertices if
is the maximum subgraph spectral density of G.
Thus, any graph G for which bc k (G) fails to hold has k < 2m
Recall that the arboricity Υ(G) is defined the be the smallest r so that G is a union of r forests.
Proof. Note that, if a graph G has arboricity Υ, then decomposing it into forests T 1 , . . . , T Υ yields, by Theorem 5 of [8] ,
For example, planar graphs have arboricity at most 3, whence bc k (G) holds for k ≥ 11.
Corollary 1. For a graph G with maximum degree ∆, bc k (G) holds for any k ≥ 2∆ + 3.
Proof. Since Υ ≤ ⌊∆/2⌋ + 1, we also have that bc holds for k ≥ 2∆ + 3 by Proposition 2.
Trace of the Square
We may write
Simplifying, we obtain
and solving for s k , reparametrizing with α = k/n, m = βn 2 /2, and τ = D/n 3 ,
The target upper bound from Brouwer's Conjecture -at least asymptotically -is s k /n 2 ≤ β/2 + α 2 /2. Note that τ = D/n 3 satisfies β 2 ≤ τ by Cauchy-Schwarz, so the quantity under the radical is positive. When the graph is regular, i.e., τ = β 2 , we have s k /n 2 αβ ≤ β/2 + α 2 /2. Since
Thus,
Below, when we refer to the variance of a sequence {a i } N i=1 , we mean the variance of the random variable a X , where X takes a uniformly random value in [N]. Theorem 1. bc k (G) holds for any graph G whose degree sequence has variance at most [β(1 − β)n] 2 − β/n 2 , where β = 2m/n 2 is the edge density.
Proof. The hypothesis yields
and the result follows by applying Lemma 1.
Note that the variance of the degree sequence of a graph sampled from the Erdős-Rényi model G(n, p) is ≤ nβ(1−β)(1+o(1)) with high probability, and nβ(1−β) ≫ β 2 (1−β) 2 n 2 −β/n as long as p = ω(n −1 ) and 1−p = ω(n −1 ), this implies Rocha's result ( [13] ) that the Brouwer Conjecture holds for random graphs almost surely. Corollary 2. Denoting the maximum, average, and minimum degrees by ∆, d, and δ, respectively,
for a graph G, then Brouwer is true for G. Proof.
Proof. Popoviciu's inequality states that var({d
Thus, for example, any sufficiently large K r -free graph with ∆ < (2 − ǫ)d satisfies Brouwer's Conjecture.
Nearly-Split Graphs
That is, there is a split graph G ′ with blocks S k and S k which differs from G on a set of at most k √ 8n − 2k edges, and, in particular, the splittance of G satisfies σ(G) < k √ 8n.
Proof. Suppose G violates bc k (G). Then, by (3),
and, when combined with A (k) ≤ √ 2km and k > m/n, we obtain
In particular, G is at most 2k √ 2n − 2k < k √ 8n edges away from being a split graph with bipartition (S k , S k ). Proof. This is just an application of Proposition 3, with the observation that, by (2) we can assume that k ≤ n/2.
Proof. Since L(G) = L(G∪G 1 \G 2 )−L(G 1 )+L(G 2 ), by Ky Fan's inequality,
where the second inequality follows because L(G 2 ) and L(G 1 ) are positive semidefinite and V (G 1 ) ∩ V (G 2 ) = ∅ (so the set of eigenvalues of L(G 2 ) − L(G 1 ) is just the union of the nonnegative spectrum of L(G 2 ) and the nonpositive spectrum of −L(G 1 )); and the third inequality follows because G\G 2 is a split graph with m−m 2 edges (applying Mayank's confirmation of Brouwer's Conjecture for split graphs, see [10]). The same statement with m 1 and m 2 swapped follows by applying (2).
Theorem 2. For any G,
If t = t(G), then
and for bipartite G,
Proof. Let k ′ = min{k, n−k}. Note that, by Proposition 3 and (2), m 1 , m 2 < k ′ √ 2n. Therefore, Then, using Proposition 1, k ≤ √ 8n/(1 − t) for any G not satisfying bc k (G), with t = 1/2 for bipartite graphs.
Narrow window of violations
By Proposition 3, m 1 , m 2 ≤ k √ 2n if bc k (G) fails to hold. Suppose that G also violates the conjecture at l > k. Then, since S l \ S k ⊆ S k ,
from which it follows that k−l < (2n) 1/4 k 1/2 . Thus, |l−k| < (2n) 1/4 max{k, l} 1/2 < 2 1/4 n 1/4+1/2 . for τ ≡ 1, and the same is conjectured (see, for example, [1, 6] ) for τ ≡ −1 (and both are easy to show for G = K n ), the statement is false for almost all τ and K n . Proof. Note that L(G τ ) = nI n + √ nM where I n is the n×n identity matrix, J is the all-ones n×n matrix, and M is a random symmetric matrix with 0 diagonal so that its entries M ij above the diagonal are iid random variables taking each of the values 1/ √ n and −1/ √ n with probability 1/2. Then the eigenvalues λ k of L(G τ ) are in bijection with the eigenvalues ν k of M, ν n ≥ · · · ≥ ν 1 , via λ k = n + √ nν k . Letting
(4 − x 2 ) + and µ the eigenvalue density function n −1 n i=1 δ ν i , the small-scale semicircle law (see Theorem 2.8 of [3] ) implies that: For k ∈ [n], let θ k be defined by
Then, the accompanying eigenvalue rigidity theorem (Theorem 2.9 in [3] ) implies that:
Theorem 6. For all ǫ, D > 0, and any k ∈ [n],
for all n > n 0 (D, ǫ).
Thus, fixing ǫ, D > 0 and taking n 0 to be the maximum of the two functions in Theorem 5 and 6, with probability ≥ 2n −D we have
so that, using that |ρ(x)| ≤ 1/π and writing ±C for some quantity bounded in absolute value by C, 
Let k = n − n 1/2 + 1/2. Note that f is a decreasing function on [−2, 2], so f −1 is decreasing as well. We claim that if n ≥ 6 > 9π 2 /16. Therefore, by (5), we have s k > n − n 1/2 + 1 2 n + n 3/2 (4 − f −1 (n − n 1/2 + 1/2) 2 ) (1)).
